The table of precise one-electron atomic energy levels given by Garcia and Mack in 1965 is expanded to include' all atomic numbers and more energy levels, updated by using more recent values of fundamental constants and radiative corrections, and extended,to the maximum precision allowed by quantum electrodynamics (QED) calculations. All levels with n ~ 11 are given for Z ;;;2 15, wlrh n 2 5 for Z ;;;2 39, and with n;a; 3 for Z;a; 105. In addition, the SI/2 and Pl/2 and j=n-:-l/2 levels with n;a; 20 are given for z;a; 15, and with n;a; 13 for z;a; 39. The uncertainty in the QED calculations is given for each level. and the level is given to that precision. tonversions to different units and corrections for changing the Rydberg or nuclear mass values are pointed out. The paper includes a comprehensive bsting and brief discussions of all effects considered and of the uncertainties for the calculated and neglected terms. The Fine Structure Interval (difference between the j = I ± 1/2 levels for given nand l) and its reduced mass and QED contributions are discussed in detail. All known' measurements of Lamb shifts and other fine structure differences are compared with,calculated values"
Introduction
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Garcia and Mack published a table [1] 1 of one-electron atomic energy levels in 1 %5, using the best values of masses and other constants [2] and quantum electrodynamics (QED) level shifts [3] known at the time~ Since then, the constants have been better determined [4, 5] , a discrepancy in the Lamb shift has been eliminated [6] , and the precision of the QED level shifts has been improved [7] by an order of magnitude. The present table is intended to update the calculated energy levels, to extend them to more decimal places and larger values of nand Z, and to include the uncertainties in each level. The paper and other tables are intended to provide a complete summary of all of the terms included or considered in the calculations, including comparisons with all known Lamb shift and other fine structure measurements. Use of the table is explained in section 4 without going into details given elsewhere in the paper.
The calculations are discussed in section 2, starting in section 2.1 with the important nonrelativistic nuclear motion effects and relativistic corrections, adding the small but fundamentally important QED effects in section 2.2 and the small nuclear size and structure effects in section 2.3. Section 3 continues with the discussion of the estimated uncertainties in the calculations and fundamental constants and their effect on the uncertainties in the energy levels and their differences.
Section 4 cxplain5 the entrie5 in the table and theiluncertainties and gives instructions on how they may be modified to change units or change the Rydberg constant or the electron-nucleus mass ratio.
The isotopes used (all stable isotopes plus tritium for Z ~ 5, the single most abundant or longest-lived for Z ~ 6) and their masses and sizes are given in table A and briefly discussed in Appendix A. Bethe logarithms (logarithmic average excitation energies occurring in the lowest order Lamb shift and related QED terms) are given in table B and the extrapolations used for uncalculated states explained -in Appendix B. Electron 831 , structure corrections (Lamb shift remainders after the Bethe logarithm) are discussed in Appendix C and their small Z a expansion coefficients are tabulated for n ~ 4 states in table C. Table D compares theory and experiment for all known Lamb shift and other fine structure measurements, including both microwave and optical measurements.
The Fine Structure Interval (difference AE nl between states having the same n and I, but different ;= I ± 1/2) is distinguished from general fine structure separations throughout the paper, and its calculation is discussed in detail in section '2.4 . Because the two states are nonrelativistically identical, most QED and' nuclear corrections (and their uncertainties) cancel in AE, leaving a result which is more precisely known than either energy level alone or, in most cases, than their other fine structure separations. The calculated dE has been used in the past as the basis for, the determination of the fine structure constant [2] and is still often (many times incorrectly) treated as "exact" compared to other fine structure separations. (The most common misuse is subtracting a measured P 3/2-S 1/2 separation from a calculated AEnp in an attempt to obtain a Lamb shift s= S 1/2-P 1/2 to compare with theory. What i5 u5ually overlooked hen.,; is that the Pl/2 uncertainty, which is larger by eq (2.45) than the p 3/2 uncer.tainty,. enters both the calculated and "measured" 8. but would not enter either the calculated or measured P 3/2-S 1/2 separation. Of course, except in principle, this distin_ction is unimportant for measurements having much larger uncertainties than the P state uncertainties.) Because the energy level table is not precise enough to yield the most accurate possible AE's, we have given complete details for their calculaliull in :;ecliul1 2.4 i:lwl hi:lv~ ref~lT~tilu lh~lS~ ill lS~l:liUl1lS 3 and 4 and Appendix C. The nuclear recoil effects ("reduced mass factors") can be written in many nearly-equivalent ways; (differing only in unimportant higher order terms) and easily lend themselves to accidental double-counting or seductive assumptions about their exact form. Therefore, we have discussed them at length (to' specify what is done in the present calculation) in section 2.1 and again (with comments on general rules) in section 2.4, using the Fine Structure Interval as an example since it appears in the literature with many different forms of recoil corrections.
Because of the inherent interest a.nd funda.mental importance of QED and its . importance in determining precise energy levels, we have given a complete set of comparisons with experiment in table D and have !riven more than minimal discussion of the calculations in section 2.2 and Appendix C. These are intended to be descriptive, explanatory, and complete rather than critical evaluations since the primary purpose of this paper is the presentation of the energy level a review of the status of QED. The QED electron structure calculations are especially important in the table because their uncertainties are dominant both for large n (the uncalculated Bethe logarithms in Appendix B) and for large Z (the approximate higher order remainders discussed in Appendix C).
Contributing Terms
In this section, we will discuss the various effects contributing to one-electron at9mic energy levels, neglecting the hyperfine structure (which does not affect their centroids). Not all or'the effects discussed are included in the calculated energy levels, but we will point out which terms are used (and what form is used)" which are not, and which are included in the uncertainties treated in further detail in section 3. The· discussion is roughly arranged according to the effects considered so that it may be used as a framework for further work.
The recoil ("reduced m~ss") corrections to different terms are the most confusing, since they overlap when mixed wit-h relativistic 'effects, so we consider them at some length in section 2.1, refer to them briefly in :;~l:LiUl1 2.2, i:luti r~luru lu i:l di:sl:ulS::>luu uf (lh~ li:ll:k uI) general rules governing reduced mass factors in section 2.4, where the Fine Structure Interval is discussed in detail. Our 'resm1t~ are not intended for ::Itom", like positronium or muonium so, if forced to choose, we will aSSUme that the electron-nuclear mass ratio m/M is a very small number rather than assuming the electronnuclear coupling Z ex=Ze 2 /nc is small. Quantum Electrodynamics effects are considered in section 2.2, concentrating on two or three types of effects (self-,energy and magnetic moment are electron structure, vacuum polarization is photon structure) and their dependence on m/M, on the basic QED expansion parameter a, and on the strength of the electron-nucleus electromagnetic coupling Z a. The m/M corrections are the smallest and are discussed first. Higher order corrections in ex/7T are also small and are listed with few comments. The· Z ex dependence, although it relates as much to relativistic quantum mechanics as to QED, is presented in more length because it is more important for the results, its calculation presents most of the uncertainties in the QED contributions, and the reasons for the nature of the Z a dependence are not summarized ebewhere. The calculated Z a dependence used t::ammt be given exactly in closed form, but some closed-form. terms are given as examples, and the coefficients in the small Z ex expansion of the rmmlt", m;;ed aff~ given in Appendix C, with discussion of the calculations and comparison with other calculations. Section 2.3 discusses effects of the finite nuclear sizes (given in Appendix A) and the much smaller effects of nuclear structure. Their contribution to the tabulated energy levels is almost negligible compared to other uncertainties, so we treat them very simply. The secondary effects· at very large Z are only briefly discussed, mostly in relation to the Z a dependence of the QED contributions, and their importance in muonic atoms is not even mentioned.
Mass Dependence and Relativistic Effects
The energy levels of an electron in the electrostatic potential of a fixed point charge Z e are given by
--2 hcRoo (2.1) n n according to the nonrelativistic Schrodinger equation. There are two correction factors (for recoil and relativity) which are well-understood only if treated separately. Nuclear motion can be exactly accounted for nonrelativistically by replacing the electron mass m by the reduced mass /L == mM/(M+mh which multiplies the energy levels by an overall reduced mass factor (2.2) whereR M is the Rydberg for a nucleus of finite mass M. Spin and other relativistic effects given by the Dirac equation yield an exact correction factor
which gives (fine structure) separation of levels with different values of total angular momentum j = l ± 1/2, but does not produce any (Lamb shift) splitting of levels with the same value of} but different values of orbital angular momentum l. The combination of these recoil and relativistic correction factors yields (2.4) corresponding to a fictitious Dirac particle of reduced mass /L moving in the field of a fixed point nucleus. This is not the result of any correct treatment of the relativistic two-body problem, but is often (as here) arbitrarily taken as a convenient starting point for any such considerations. Subsequent corrections for the relativistic effects of nuclear motion usually utilize expansions, either in powers of ml M or in powers of Z a. To illustrate that the relativistic two-body problem does not have an exact "reduced-mass" reduction to an equivalent one-body equation, consider the simple formula proposed by Brezin, Itzykson, and Zinn-.lustin [8] ,
5) c which seems to be correct (except for uncalculated spin effects only partially approximated by . the term e). This clearly cannot be written in terms of a single efl'ective mass, but can be written as an energydependent cqrrection to the reduced-mass Dirac energy levels ED~, 2.6) and reduces to that result in the limit of the binding energy E being negligibly smaller than the total rest energy Mc 2 + mc 2 ; this limit is given either by small mlM or by small Za. The leading correction (to lowest order in Za) is an energy shift
7)
previously obtained by others [9, 10] , which (in this nonrelativistic or small Za limit) is independent of j or land thus does not contribute to fine structure or Lamb shift splitting. A relativistic two-body Breit equation has been reduced to approximate forms corresponding to an expansion in powers of Za by Barker and Glover [10] , who obtained results to order (Za)4mc2 which are exact in their mass and angular niomGntum dependences.
Besides the terms discussed in the previous paragraph (the Dirac energies (2.4) and the energy shift (2.7», they obtain an additional correction factor of 1-(/LIMP for the spin-orbit term; this shifts energy levels for lion-Sstates by
2l + I where e lj == l(l + 1)
and thus not only contributes to fine structure but also to the Lamb shift splitting, although very slightly. This splitting shows that the simple formula (2.5) proposed by Brezin, Itzykson, and Zinn-Justin [8] is [12] , and reconfirmed by an effective potential approach by Grotch and Yennie [13] . By combining 'the general m/M results of Fulton and Martin with the Z dependence discussed by Salpeter and the statedependence given by Erickson r3, 141, we can write these in the form
where Ln in the first bracket 2 here is defined with eq (2.10), and we see that this is a recoil correction for the QED self-energy contribution to be discussed early in the next section.
Quantum Electrodynamics Effects
Turning our attention from the minor mass dependences of the energy levels to the important radiative shifts and splittings of the~e leveb, we find thlee different lowe~t order effects of quantum electrodynamics. The largest is, the electron self-energy or vacuum fluctuation contribution, mostly for S-states, (2.10) where Ln is the (Za-and m/M-independent part of the) 2The small In(m//L) = m/M term from (2.10) was inadvertently included in the computer calculation of (2.9) , hut this is so much smaller than the uncertainties that none of the results given in the energy level Glover [10] . The remaining lowest order radiative level shift arises from vacuum polarization (due to . virtual electron-positron pairs) modifying the Coulomb potential and shifts S-states downwards by an amount given by adding -1/5 to the 11/24 in (2.10). These radiative level shifts have three different types of higher order corrections, corresponding to expansions in powers of m/M, a, and Za. The smallest of these corrections, two-body effects obtained by Fulton and Martin [12] by interchanging the roles of the electron and the nucleus, are important and simple for positronium. but are only of relative order (m/M) 2 and will not be included here for the following reasons. The vacuum polarization effect of virtual nucleonantinucleon pairs will not be included since it is smaller than the effect of less massive pairs; we will include only the muon pair. vacuum polarization effect. The magnetic moment of the nucleus contributes to hyperfine splitting (via both a spin-orbit term and a spin-spin term) but each of these cancels in the weighted average over the hyperfine levels. The self-energy of the nucleus is actually a nuclear structure correction since it would require consideration of whether vacuum fluctuations in the electromagnetic field affect the nuclear constituents separately or as a whole. In obtaining the Z dependence of equation (2.9) , Salpeter [11] treated the nucleus approximately as a structureless particle of charge Z e and mass M when it exchanges photons with the electron. Nuclear structure corrections to that approximation are probably of the same order of magnitude, (m/M)2(Za}5mc 2 , as the nuclear selfenergy effect and we will not include either, except as uncalculated terms contributing to the uncertainties.
Simple reduced mass correction factors are already included in the lowest order radiative level shifts (2.1U) and (2.11) but will not be included in the higher order terms to be discussed, even though they may be known . to be (f.L/m) 3. These reduced mass corrections are not included because they ~re the same order of magnitude, (m/M) a(Za)5mc2, as the unknown a or Za corrections to eq (2.9) and are expected to cancel to some extent, just as (2.9) partially cancels the reduced mass correction in (2.10) .
Higher order radiative corrections yield terms of relative order a/7T which only need to he evaluated to the lowest order in Za (corresponding to the static limit of long wavelengths or zero momentum transfer). The vacuum polarization contribution [IS] is simply (2.12) The self-energy or vacuum fluctuation contribution (2.13) has had a more difficult history [16] , but is now reliably
given by = - The higher order magnetic moment contribution like (2.11), shifts all states and contributes to finestructure splitting, so we include both the fourth-order coefficient
4
7T
144 12 2 4 = (;Y [-0.328+] (2.16) and the sixth-order coefficient [17, 5] a6= (;)3 [1.285±0.057] . (2.17) Somewhat better values are available [18] , but the effect on the energy levels is negligible, so we will use the value (2.17) for uniformity with reference [S] . Althongh a6 gives a nearly negligible energy shift, it is. the highest order term calculated in quantum electrodynamics and is directly tested by the measurement [19] is the "WQED" value [5] given by experiments that do not require quantum electrodynamics for their analyses. For a more recent comparison, see reference [18] .
The most important corrections to the radiative level shifts (2.10) and (2.11), those of relative order 7TZa, are due to electron structure of the order of its Compton wavelength, corresponding to quantum electrodynamics interactions in which the electron's momentum is of the order of me rather than Zamc. For the magnetic moment form factor (2.20) we find the ground state contribution for a nonrelativistic wave function is
whose static (q2 = 0) or small Za limit is the lowest order contribution previously considered (the 3/H already included with the 11/24 in eq (2.10». The higher order remainder, (2.22) .
is found to be a well-behaved function of Z a (even for Z a ~ 1) whose leading term for small Z a, (2.23 ) is oxactly thc same as obtained for an arbitrary :state by a complete relativistic calculation [20] up to terms of order a (Z a) 6 mc2. Although (2.22) is not exactly correct, we will u~e it sinee it is a hetter approxlmMion for all
Za than is the small Z a leading term (2.23) alone. The error is of order a (Z a) 6 mc2 for small Z a and probably smaller than (2.22) itself for large Z a. Similarly, for the vacuum polarization (photon structure) modification nco) (2.24) of the Coulomb interaction, we use its contribution for the nonrelativistic ground state wave function, (2.27) which we will arbitrarily represent by (2.28) in order to have the same small Z a behavior without the unrealistic large Z a behavior of (2.27).
The magnetic moment and vacuum polarization calculation details in the previous paragraph were given not because of their numerical importance, but because they are relatively simple examples of the electron and photon structure effects involved and of the nature of the Z a approximations used. The selfenergy contribution. is by far the largest part of the radiative level shift, due to the high probability of emission. and re-absorption of long-wavelength virtual radiation ("infra-red divergence"). Its calculation is especially complicated by the corresponding importance of the binding of the electron in its intermediate state, which yields the large "infra-red Bethe logarithm", In (Za) -2 + Ln in eq (2.10) To summarize, we use the reduced-mass-corrected lowest order self-energy contribution (2.10), including an additional 3/8 and -1/5 for S-state magnetic moment and vacuum polarization contributions and (2.11) for non-S-state magnetic moment contributions. For the higher order corrections in Za, we use H(Za) in (2.20) , as discussed in Appendix C, for the electron structure correction and (2:28) plus the higher order remainder of (2.25) plus (m/mp.)2 times (2.25) (with the internal Za replaced by (m/mp.)Za) for the photon structure correction including vacuum polarization due to virtual muon pairs. The photon structure (vacuum polarization) corrections could be done better than this, but they are so small for our atoms that even the higher order corrections included are almost negligible. The photon structure uncertainty is included with the electron structure uncertainty in 8H (Z a) . For the higher order corrections in a, we use (2.12) and (2.13) and (2.15).
The contribution of (2.9) is used, but whether it is considered a relativistic (sec. 2.1) or QED (sec. 2.2) correction is a matter of semantics or taste, as it has no powers of u: (only Z u: factor::;) but arises from the Bethe-Salpeter equation.
Nuclear Size Effects
Finally, let us consider the effects of the finite size of the nucleus. The only contribution we will explicitly include is the lowest order shift of the nonrelativistic energy levels,
. str. 
For Z = 1, we have J-t' = J-t and obtain only·a single (2.42) . This should constitute a strong warning that mass dependences can be rearranged into a number of useful forms and th~ success or utility of one form should not be taken as denying the possibility of another form also being successful or useful. For consistency in this and future calculations, we have arbitrarily taken the Dirac energy levels and wave functions for a particle of reduced mass /L, (2.4), as our starting point, and then must add on the necessary recoil corrections (2.7) , (2.8), elc. TheIl,' ill lhe luwest order QED terms (2.10), (2.11), and (2~9), the reduced mass is used for the wave functions, but not the operators, and we treat (2.9) as a separate correction distinct from (2.10) and drop the related nuclear self-energy as an unknown term of higher order (m/ M) 2. For the higher order QED contributions, we sidestep the alternatives of using 1 or 3 factors of J-t/ m by taking the, simpler option of using none.
Our re~ulting Fine Structure Interval is then
where ~H(Za) H2P3/2-H2Pl/2 is the contribution of the higher order QED approximation whose series expansion for small Za is 3
3The underlined numbers are approximations, as noted in Appendix C.
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and where BilH is the uncertainty in this Fine Structure contribution, estimated to be (2.45) account for the leading small Za QED contributions (calculated and uncalculated) due to the P1/2 Dirac wave functions having an S-state small component.
For l > 1, there ar.e no S-state components in the Dirac wave functions, and we use a smaller ullctataiuty,
corresponding to the QED contributions (2. 
Uncertainties
All uncertainties discussed in thIS paper, as in [4, 5; 7] , correspond to one standard deviation or roughly a 68 percent, confidence level uncertainty, rather than a limit of error used in [3] . They are not simply added, but in quadrature, with the combined uncertainty given by the square ruul uf the t-IUIIl uf the squares (RSS) of the independent uncertainties.
Each of the entries in the energy level table is uncertain by ± 0.075 ppm due to the value used for tbe Rydberg constant [5J, Roo=109737.3177±0.0083 cm-1 ; (3.1) this uncertainty could be eliminated by dividing out exactly this value of Roo to get' energy levels expressed in units of Rydbergs. Additional uncertainties introduced by converting to units of MHz or e V are discussed in section 4 along with other details of obtaining uncertainties. The energy levels are also uncertain due to the various reduced mass factors
u8ing an electron mass m (given in Appendix A) that is uncertain by ± 0.38 ppm and nuclear masses (given in table A) that are uncertain by various amounts; the rerlllcerl ma~~ factor may he known to an accuracy of better than a part per billion, but applications depending critically. on mass values should consider the mass dependence of their application directly, whether it is a transition energy or an isotope shift. When energy levels having the same n are subtracted to obtain differences of the order of magnitude of Z4a 2R oo p/m, the uncertainties in the Rydberg or overall reduced mass factor become negligible compared to the ± 1.6 ppm uncertainty in a 2 due to the fine structure constant used l5],
(See (4.8) for a different value of a-I.) This ± 1.6 ppm uncertainty is associated with the fine structure differences themselves (such as (2.49» rather than the individual level shifts. Un the other hand, when energy levels having the same nand j are subtracted to obtain differences (Lamb shifts) of the order of magnitude of Z 4 u.9.R oo , lh~ UIlceltaiIlLie~ du~ lu u. are u~ually ~JIlall compared to the uncertainties due to various incompletely or approximately calculated terms. The uncertainty given with each level is the combined uncertainty due to a and the various uncalculated terms to be discussed here (but ignores the uncertainties due to the Rydberg constant or the electron/nuclear mass ratio). It is the purpose of this section to note these uncertaIntIes, gIvmg the Z-and state-dependence expected for each, so their relatiye importance may be assessed. For ease in making these comparisons, the contribution of each uncertainty to the 2S1/2-:-2P 1/2 Lamb shift in Hydrogen ( S H) will be given (in units of kHz), where the combined uncertainty is:::!: 10 kHz.
For all except the lowest values of Z (or larger values of n), the dominant uncertainty is in the approximation used for the electron structure correction H (Za) in (2.29) . This is discussed in Appendix C, and the uncertainty aH (Za) is given in eq (C. 2). For small Za, this is of the order of (±4.4 kHz forSH)' (3.4) For large n. (roughly n ~ 4), however, the dominant uncertainty is in the lowest order electron structure calculation, the Bethe logarithm discussed in Appendix B. The extrapolation used to estimate uncalculated values has an uncertainty of the order of due to the a 3 factor, by ±0.075 ppm due to Roo and ± 0.004 ppm due to c. The ± 5.4 ppm uncertainty in h does not occur unless we use units of J oules (or ± 2.6 ppm for units of e V). These may be completely neglected compared to (3.4) for values of Z larger than 2.
The nuclear size uncertainties listed in table A produce energy level uncertainties primarily through eq (2.30) ; this is ±6 kHz for S H' The nuclear structure uncertainties given for C str in eq (2.30) are small (±0.25 kHz for S H)' These effects for non·S-states are essentially negligible in our calculation, as noted, and their negligible uncertainties, taken as :::!: 10 percent for the size effect and ± 1 percent (of the S-state C str contribution) for the structure, are included only for complete-J. Phys. Chem. Ref. Data, Vol. 6, No.3, 1977 ness. Similarly, the effect (2.33) of nuclear size on the QED shifts is negligible, but is included, as an uncertainty 0.01 kHz for S H), for completeness. It should again be noted that our comments about the unimportance of these nuclear size effects should only be taken in the context of our calculatious, which do 110t attempt to be accurate at large Za.
The uncalculated terms of order a and Z a relative to the contributions (2.12), (2.13), 'and (2.15) are estimated to be of the order of magnitude 'of 5.7 kHz f~r s H)' (3.8) The uncalculated terms of order Z a relative to (2.9) and order m/M relative to (2.22) and the higher order parts of (2.25) and (2.29) are estimated to be of the order of magnitude of
The square root of the sum of the squares of the uncertainties listed here from (3.3) through (3.9) is the QED uncertainty given in parentheses after each tabulated energy level. The Q:ED uncertainty for the difference between energy levels is the similar quadrature (RSS) combination of the uncertainties of the two levels if they· are independent. Let us briefly consider. the few cases in which a "blind" RSS combination of tabulated uncertainties (and the Rydberg (3.1) and reduced mass (3.2) and fine structure (3.3) uncertainties) might yield overestimates, especially die two situations (Fine Structure Interval and isotope comparisons) in which differences-may be known better than the tabulated values. The QED uncertainties are sufficiently independent (or sufficiently different in magnitude that their dependence is immaterial) except for states having the same nand l values. These are either the samp leVf~ls for differpnt isotopes or the Fine Strl1~tnre
Interval for one isotope. As noted in section 2.4, the Fine Structure Intervals M are known to higher precision than given in the table, but can be calculated as discussed with eqs (2.43-50) if hi~er precision is required. In comparing different isotopes, the QED uncertainties are usually irrelevent if they are smaller than the±0.075 ppm Rydberg uncertainty (3.1) or the uncertainty in the difference in reduced mass factors (3.2) , which is usually the case for energy level differences between states with different n. This leaves isolOpe comparisons of fine structure (same n, but not necessarily the same l), such as a Lamb shift difference 
Use of the Table
For both theoretical and practical reasons, the zero of energy is taken to be the ionized atom (i.e., the nucleus with one electron infinitely far away, and no other electrons nearby), so all bound 'state energy levels are negative. The ground state energy (the negative of the ionization energy) is by far both the largest and most u l1 certain energy level calculated for each atom, s6 we rejected the alternative of taking it as zero and subtract~ ing it from each entry, which would have yielded a table with positive, but much longer, entries. We keep the minus sign in each entry to maintain algebraic consist~ ency with energies increasing from the ground state to excited and ionized states. For ease in locating levels, we have not arranged them in the order of their energies, but in the order of increasing n, 1, and j. Hypcrfinc splitting is not included, so the energy levels given are the centroids of the hyperfine structure.
In order that the differences between most levels will be as accurate as their QED shifts can be calculated, each entry is extended to the decimal place left uncertain by the QED calculations (with the QED uncertainty in that place given in parentheses) by treating the mass values (Appendix A) and Rydberg value (3.1) as exact constants. Therefore, every entry has an absolute uncertainty of :tO~075 ppm (due to the uncertain Rydberg constant), its difference with the same level for another isotope of the same atomic number has an uncertainty of ±O.38 ppm (due to the uncertain electron mal5l5), and only its differences with other levels of the same isotope having the same value of nand j have uncertainties as small as the QED uncertainties given in the 'table. Other fine structure differences have an additional ± 1.6 ppm uncertainty due to the fine structure constant used (3.2) .. The QED uncertainty gives a limiting value 6f the usefulness of this table in the sense that improvements in our knowledge of the masses or of the' Rydberg can be use.d to find correction factors, and other improvements might yield additive corrections, but changes by amounts much smaller than the QED uncertainties, even improvements substantially reducing the QED uncertainties, cannot be satisfactorily accounted for without a complete calculation including more decimal places.
T ,pt n~ r.on~lfler how changes in the units or in the value of the Rydberg constant can be carried out and how this would affect the ± 0.075 ppm uncertain1:¥-prese~tly associated with each entry. We pointed out in section 3 how we could remove this uncertainty by dividing each entry by 109737.3177 cm-1 to get units of Rydbergs. We could then multiply by an improved value of the Rydberg constant and use the uncertainty (or, equivalently, convert from cm-1 to e V by dividing by (4.5) or from Ry to e V by multiplying by 13.605804 ± 0.000 036 eV/Ry) (4.6) and include an overall uncertainty of ± 2.6 ppm.' For consistency, all fundamental constants given in this paper (except for eqs (4.1) and (4.8» are those of the 1973 adjustment of Cohen and Taylor [5] . We might note that we have used their final recommended values, including 0'-1 = 137.03604 ± 0.00011 (0.82 ppm), (4.7) rather than their "WQED" values, (2.19) , since we wish to present the best results rather than a QED test not using QED theory, and in any event the results are rather insensitive to changes in a or its uncertainty. Even the improved value [29] 0'-1 = 137.035 987 ± 0.000029 (0.21 ppm) (4.8) would not appreciably change any results given in the tables; its primary effect would be to reduce the. additional ± 1.6 ppm fine structure uncertainty (noted with eq (3.3) and earlier in this section) to ± 0.4 ppm. If we wish to account for a change in the electron- (4.9) we primarily need to correct for the change in the (neady) uverall reduced lIlass fact<,>r (l + m/M) 1 by adding the fraction is a small correction and its effect on QED terms may be completely ignored. However, for precise~ork with the energy levels themselves (or transitions between levels of different n), we may need to account for the lowest order change in the term (2.7) by adding an amount
to each energy level En. In that case, the total correction to be added to each table entry is a fraction (4.12) of that entry. Differences between the same level for different isotopes are roughly proportional to 4.13) and thus have an uncertainty of 0.38 ppm due to the uncertainty in the electron mass (A. 1) and possibly more due to an uncertainty in the nuclear masses. Corrections for changes in these mass values may be made for each isotope as· described in the preceding paragraph. For isotopes not given in the table, an approximate result may be obtained by adding the fraction (4.12) to each entry; this leaves only terms of order (m/M)a3Z40f5In(Za)-2En, such as (2.9) or the recoil corrections in (2.10) and (2.11), improperly accounted for.
The QED uncertainties for most levels are independent, so the combined QED uncertainty for the difference between two levels is usually given by adding the squares of the individual uncertainties. This can be similarly combined with a ± 1.6 ppm uncertainty to approximately account for the fine structure constant used (3.3) . The resulting over-estimate due to nonindependence of these uncertainties is serious only for Fine Structure Intervals and certain isotope comparisons, as briefly discussed at the end of section 3. These differences may be known more precisely than given by the for Lamb shifts and· splittings and fine structure separations of an atomic state being studied. These have been calculated on request to suit the needs of various researchers, and may continue to be provided whenever possible. Those print-outs headed "using terms most recently revised by G.W.E. on 21 Jan 74" use the terms listed in this paper, but the (printed-out) atomic con-. stants (Rydberg, m/M·, nuclear size, etc.) are not necessarily those used here.
Appendix A. Nuclear Masses and Sizes
The nuclear masses used are exactly those listed in table A, and the electron mass is taken as exactly given by Pieper and Greiner [22] .
The RMS nuclear radii used are those given by HoEstadter and Collard [31] , mostly using their result
(A.4) although this value [5] has an uncertainty of 21 X 10-11 u. These nuclear masses are derived from a tabulation of atomic masses [30] by 1;ubLIact.illg Z electron maMe5.
For Z = I and Z = 2, we also add the electron binding energies [5] , 15 X IO-9u and 85 X 10-9 u, respectively.
The uncertainties (generally larger than the ± 11 X 10-9 u for Hydrogen) are ignored since any use of the energy level table requiring such precision should consult the latest mass adjustment and take account of the uncertainty and the difference between that nuclear mass (or electron mass) and the value used here. The isotopes chosen are the most abundant or the most long-lived. For atoms for which no particular isotope is chosen (Z > 83), we use a relation (with M = Au)
The individually determined values used for certain Isotopes wilh low Z an:: given .iu table A. Fur the prutuu, the size used [31J, 0.80±0.02 fm, is from measurements at Orsay [32] and is in good agreement with Hand, Miller, and Wilson's analysis [33] of earlier measurements, 0.805 ± 0.011 fm, and with recent measurements at Saskatchewan [34], 0.81 ±0.04 fm, but not with recent measurements at Mainz [35] . 0.87 ±0.02 fm. For the deuteron, the size given is determined as in ref. [7] , slightly modified [36] . For Z > 100, we use the relation .2) given by Elton [31] . However, for Z> 100, we use a relation used by Pieper and Greiner [22] . It should be noted that the nuclear size effect (2.30) and its related experimental uncertainty vary roughly like Z2/3 (Za) 4, which is negligible compared to the (Za) 6 
Appendix B. Bethe Logarithms
The infra-red logarithm, originally defined and calculated by Bethe [37] , is· a nonrelativistic logarithmic average of excitation energies, (B.l) in which the Za and reduced mass dependences may be exactly separated (because the Coulomb wave functions and energies are nonrelativistic) to leave a Za-and J-t-independent constant Ln depending only on the quantum numbers nand l of the state'ln): This is the leading term in the self-energy contribution (2.10) and also occurs in the Bethe-Salpeter recoil correction (2.9). It IH:l:; been calculaLed IIlu:;L precbely fur Lhe IS, 2S, and 2P states by Huff [38] and for the greatest number of states (IS, 2S, 2P, 3S, 3P, 3D, 4S, and 4P) by Harriman [39] . Instead of attempting a similar calculation, we have simply assumed extrapolations of the form 
These extrapolations turn out to yield the largest uncertainty in the calculations for these states. They could probably be improved by calculations similar to those of Huff or Harriman, but as yet (see table D) no measurements seem to warrant any such precision. Table B lists the values and uncertainties used for all states considered in the energy level tabulations.
Added note: Mier preparation of the tables, we found Bethe logarithms for n ~ 8 were accurately calculated by S. Klarsfeld and A. Maquet (Phys. Lett. 43B, 201-203 (1973) ), differing from Harriman's by several times his estimated errors. Our extrapolations' turn out to be essentially correct (within the estimated uncertainties for roughly 68% of the cases), with errors largest for S-states (up to three times the uncertainties) but less than twice the uncertainties for all other states (and averaging only half the uncertainty for I ~ 2). However, . as noted above and by Klarsfeld and Maquet, even the largest differences are "hardly significant from the experimental point of view". The improved Bethe logarithms would change no calculated value ,in 
Appendix C. Electron Structure Corrections
The purpose of this appendix is to present the results used in calculating the energy levels in sufficient detail that any future developments may be placed in context. The notation is defined, and the small Z a coefficients are tabulated for the states for which the electron struc~ ture uncertainties are not dominated by the lowest order terms (the Bethe logarithms in Appendix B).
The results are briefly compared with previous and independent calculations.
The terms (such as the Bethe logarithm Ln in Appendix B) in the lowest order electron structure have not only been calculated, but have been clearly separated [3] from the higher order correction terms, H(Za) hi eq (2.29) . The leading small Z a contributions in
have been calculated exactly [20] , but have not been separated from the sixth order remainder G(Za). However, this calculation of H(Za) has be~n redone [7] so as to yield an approximation valid for all Z a while accounting for all terms contributing to the known coefficients C5 , C 62, and C61. As a simple example, the magnetic moment correction (2.22) is briefly discussed in section 2.2. The original calculation [7] was only for n= 1 (with only ad hoc modifications for n > 1) but has now been extended to all states; this is discussed in detail in an article in preparation. The estimated uncertainty, representing roughly a 68 percent confidence level,
uses an integral similar to others used in H(Za).
The coefficients in the small Za expansions (C.2n) [24, 27, 26] Table D is a complete list of measurements of Lamb shift differences (between the two states having the same value of nand j but different l = j. ~ 1/2) and other fine structure differences (between states having the same value of n) and Lamb shifts of single states (difference from their non-QED values). The calculated value (and the associated uncertainty in the ·calculation) is also included, as well as a comparison expressed as a multiple of a "standard deviation". The uncertainties in the calculations and in most of the measurements are intended to be 68 percent confidence level estimates, so they are combined in quadrature and we might expect 32 percent of the measurements to differ from the calculations by more than the combin~d uncertainties. The references are only to the most· recent published article when there were a series of related measurements or reports. Changes from the published values are noted, and reference is sometimes made to a detailed discussion by Taylor, Parker, and Langenberg [4] of the measurements or to a summary and discussion by G. W. Series [41] of older optical measurements. Table  D is meant to include all measurements known as of September, 1976 and the author would appreciate knowing of any omissions or additions. The units indicate the type of measurement, being frequency units of MHz or GHz except for optical measurements given in units of cm-I . The calculated values correspond to the tabulated energy levels except that more decimal places are sometimes given in table D, leading to slight differences (smaller than ~he uncertainties) with the rounded-off entries in the energy level table. Calc-meas [4] . b See also reference [41] , which includes references to earlier optical measurements.
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